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1
(Gr\"obner basis) . BBuchberger
,
. 1 (Boolean
Gr\"obner bas ) Sakai, K Sato, Y ,
. , $\vec{X}=X_{1},$ $\ldots,$ $X_{n},\overline{A}=A_{1},$ $\ldots,$ $A_{m}$ .
$B(\overline{x},dI)$ (elimination ideal) , $I\subset B(\overline{X}$
, $\overline{A})$ , $I\cap B(\overline{A})$ $B(\overline{A})$ . ,
2 . 1 , ( ) $X_{1}>$ . .. $>X_{n}>A_{1}>$ . . . $>A_{m}$








$\ldots$ , fi $(\lambda,\overline{X})\rangle$ , $\lambda$ $0,1$ $\overline{c}$ ,
$\overline{X}$ $B(\overline{X})$ $(fi(\overline{c},\overline{X}), \ldots, fi(\overline{c},\overline{X}))$
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, $x=-x$ , –
. , $\succeq$ . , $B$
$a,$ $b$ , $a\succeq b$ $ab=b$ .
1
$B=GF_{2}$ , $B$ .
2
$B=GF_{2}xGF_{2}$ , $B$ .
$B$ $k$ $B^{k}$ .
$S$
$B$ , $k$ . $B^{k}$ $B$ $k$
. $B^{k}$ $p$ , $p:\in B$ $p$ $i$ $(i=1, \ldots, k)$ . $p,$ $q\in B^{k}$




$x,y\in B$ , $+$ . .
x $+$ y $=$ $($ $\cap y)\cup(x\cap\overline{y}),$ $x\cdot y=x\cap y,$ $1+x=\overline{x}$ . ,x- $x$ .
2
$B$ $0$ $e$ , $e$ . (
$\succeq$ , $0$ )
$c=e$ , $ce=c$ $0$ $c$ .
3
$B$ , $B$ 1 . , $B$
$e_{1},$ $\ldots,$ $e_{k}$ , $eiej=0(i\neq j)$ $e_{1}+e_{2}+\ldots+ek=1$ .
$eiej=0$ . . $e_{1}+\ldots+e_{k}\neq 1$ . , $e_{1}+\ldots+e_{k}+1\neq 0$ .
$c$ $e_{1}+\ldots+ek+1\succeq c$ $B$ ( ) , $c(e_{1}+\ldots+e_{k}+1)=c$ .
s $c(e_{1}+\ldots+e_{k})=0$ . $c$ ( ) , $e_{i}$
$c=e_{i}$ , $e_{i}(e_{1}+\ldots+e_{k})=0$ $e_{i}=0$ $e_{i}$ . I
183
4
$B$ . $\langle X_{1}^{2}-X_{1},$ $\ldots,$ $X_{n}^{2}-X_{n}\rangle$ $B[X_{1}, \ldots, X_{n}]/\langle X_{1}^{2}-X_{1},$ $\ldots,$ $X_{n}^{2}-X_{n}\rangle$
. (boolean polynomial ring) , $B(X_{1}, \ldots, X_{n})$
. , .
, .
$in$ $l$ i&al $)$ . , $\langle f1,$ $f_{2}\ldots,$ $f_{n}\rangle=\langle fi\cup f_{2}\cup\ldots\cup f_{n}\rangle$ . $\supseteq$ . $\subseteq$
, $f_{i}=f_{i}\cdot(fi\cup f_{2}\cup\ldots\cup f_{n})$ . , $|$ 1
.
5
{X, $Y\rangle=\langle XY+X+Y\rangle=\langle X\cup Y\rangle$
$B(X_{1}, \ldots,X_{n})$ , $X_{i}$ $B[X_{1}, \ldots, X_{n}]$
. $X_{1},$ $\ldots,$ $X_{n}$ $Y_{1},$ $\ldots,$ $Y_{m}$ $\vec{X},\overline{Y}$ . ,
$\alpha,$ $\beta,$ $\gamma$ , $B$ $a,$ $b,$ $c$ , $n$ $B$ $n$
$\overline{a}$ , $\vec{a}=(a_{1}, \ldots,a_{n}),\overline{b}=(b_{1}, \ldots, b_{m})$ , $(\overline{a},\overline{b})$ $n+m$




$B[\overline{X}]$ , , $B(\overline{X})$ –
( ) . , $B[X_{1}, \ldots,X_{n}](B[\overline{X}])$ ,
$LT(f)$ , $LC(f)$ , $LC(f)LT(f)$ $LM(f)$ , f-LM$(f)$ $Rd(f^{:})$
. $LT(F)$ $LM(F)$ $\{LT(f)|f\in F\}$ $\{LM(f)|f\in F\}$ ( $F$ $B[\vec{X}]$ )
, $T(\overline{X})$ $\overline{X}$ .
5
$B[\overline{X}]$ $I$ , $I$ $G$ $\langle LM(I))=\langle LM(G)\rangle$ , $G$
$I$ .
6
$f\in B[\overline{X}]$ , $a=LC(f),t=LT(f),$ $h=Rd(f)$ . $f$ $arrow f$
.
$s+parrow f$ (l-a) $s+absh+p$.
: $(bts+p)-((l- a)bts+absl+p)=bs(af)$ .
$s\ovalbox{\tt\small REJECT}hT(\overline{X})$ , $b$ $ab\neq 0$ $B$ , $p$ $B[\overline{X}]$ , $F\subseteq B[\overline{X}]$
, $garrow Fg’\Leftrightarrow$ $f\in F$ $garrow fg’$
7




$I$ $B[\overline{X}]$ . $I$ $G$ $I$ , $\forall h\in Iarrow G*$
$0$ .
9
$G$ , $G$ $f$ $G$
, $G$ .
6







. , $\langle G\rangle=(G’\rangle$ $G$ $G’$
.
, $\{(1,1)X\}$ , .
12
$f$ , $LC(f)f=f$ , $f$ . $lc(f)f$ $f$ , (f)
. ( )
13




$a=LC(f),b=LC(g),tr=LT(f),$ $sr=LT(g)$ , $GCD(t, s)=1$ $t,$ $s,r$
$f,g$ $f=atr+f’g=bsr+g’$ . , $t$ $s$ $V^{a}$ .
$bsf+atg=bsf’+atg’$ $f$ $g$ $S$ (S-polynomial) , $S(f,g)$ .
.
15
. $G$ . $G$ . ,
$f,$ $g\in G$ $S(f\}g)arrow 00*$ .






output: $\langle F’\rangle=(F\rangle$ $F’$
$F’arrow\emptyset$
while $F\neq\emptyset$ do
select $f$ from $F$
$Farrow F\backslash \{f\}$







$input:B[\overline{X}]$ $F$ , $T(\overline{X})$ $>$




select $\{g_{i},gj\}$ from $B$
$Barrow B\backslash \{\{g_{i},g_{j}\}\}$
$S(g_{i},g_{j})arrow ch*$
if $h\neq 0$ then




$B[\overline{X}]$ $B(\overline{X})$ . ,
. .
$l_{i}$ $0$ 1 , $X_{1^{1}}^{l}\ldots X_{n^{n}}^{l}$ (boolean p$\alpha ver$ product) .
$BT(\overline{X})$ . $B(\overline{X})$ f( )
. $B$ $b_{1},$ $\ldots,b_{k}$ $t_{1},$ $\ldots,$ $t_{k}$ , $f(X)=b_{1}t_{1}+\ldots+b_{k}t_{k}$
. $b_{1}t_{1}+\ldots+b_{k}t_{k}$ $f(\overline{X})$ (canonical representation) . $BT(\overline{X})$ $T(\overline{X})$ $|$
, $T(\overline{X})$ $\geq$ , $BT(\overline{X})$ . $\geq$
$f=b_{1}t_{1}+\ldots+b_{k}t_{k}$ , $t_{1},$ $\ldots,t_{k}$ $f$ ’
, $BLT(f)$ , biti $f$ , $BLM(f)$ . $b_{i}$ $f$
$BLC(f)$ , $f-BLM(f)$ $BRd(f)$ . ,
$F$ $BLT(F)$ $BLM(F)$ .
186
16
$B$ ( ) $I$ , $I$ $G$ $\langle BLM(I)\rangle=\langle BLM(G)\rangle$
, $G$ $I$ .
17
$I$ $B(\overline{X})$ . $I$ $G$ $I$ .
, $\forall h\in Iarrow_{G}0*$ .
.
18
( ) $f$ , $BLC(f)f=f$ , $f$ (boolean dosed) . $BLC(f)f$ $f$
(boolean dosure) , $bc(f)$ . .
19
$G$ $I$ . , $\{bc(g)|g\in G\}\backslash \{0\}$ $I$
.
55 , .
. . $F\subseteq B(\overline{X})$
. $B[\overline{X}]$ $\langle F\cup\{X_{1}^{2}-X_{1}, \ldots, X_{n}^{2}-X_{n}\})$ $G$
. $G\backslash \{X_{1}^{2}-X_{1}, \ldots,X_{n}^{2}-X_{n}\}$ $B(\overline{X})$ $\langle F\rangle$ . . .
$G$ , $G\backslash \{X_{1}^{2}-X_{1}, \ldots, X_{n}^{2}-X_{n}\}$
.
$B$ , $k$ , $B^{k}$ . $B^{k}$ $p$ , $p_{i}\in B$ $P$ $i$
$(i=1, \ldots, k)$ . $B^{k}$ [ ] f( ) $ $f_{i}(i=1, \ldots, k)$ $f$
$P$ $p_{i}$ $B[X]$ , Bk( ) f( )
.
20
$B^{k}[\overline{X}]$ , $G$ . , $G$ $I$ ( )
, $i=1,$ $\ldots,$ $k$ $G_{i}=\{g_{i}|g\in G\}\backslash \{0\}$ $I_{j}=\{f_{\dot{*}}|f\in I\}(\subseteq B[\overline{X}])$ (
) .
21
$B^{k}(\overline{X})$ , $G$ . , $G$ $I$
( ) , $i=1,$ $\ldots$ , $k$ $G_{i}=\{g_{i}|g\in G\}\backslash \{0\}$ $I_{i}=\{f_{i}|f\in$











$F=\{f_{i}(\lambda, X), \ldots, fi (dI, X)\}$ $B(f,$ $)$ . $B(\overline{A}, X)$
$G=\{g_{1}(\lambda,\overline{X}), \ldots, g_{k}(\lambda,\overline{X})\}$ $F$ , $B$
B’ $\overline{a}$ , $G(\overline{a})=\{g_{1}(a,\overline{X}), \ldots,g_{k}(\overline{a},\overline{X})\}\backslash \{0\}$ $\langle F(\overline{a})\rangle=\langle f_{1}(\overline{a},X),$ $\ldots$ , fi $(\overline{a},\overline{X})\rangle\subseteq$
$B’(\overline{X})$ . , B’ $B$
$a=(a_{1}, \ldots, a_{m})\in B^{\prime m}$ . , $a=(a_{1}, \ldots, a_{m})\in B^{\prime m}$ , $G(\overline{a})$
$G$ .
23
$F=\{f1(\lambda,\overline{X}), \ldots, fi(\lambda,\overline{X})\}$ $B(\overline{A},X)$ . $B(\lambda,\vec{X})$ $arrow$-
$B(\lambda)$ $(B(\lambda))(X)$ , $G=\{g_{1}(B,$ $), ...,g_{k}(\lambda,\overline{X})\}$ $(B(\lrcorner 4))(\overline{X})$
( $F\rangle$ ( ) . , $G$ $F$ (
$)$ .
5
$B(\overline{X})$ ylx $fi(\overline{X}),$ $f_{2}(\overline{X}),$ $\ldots$ , fi $(\overline{X})$ $I=\langle fi(\overline{X}),$ $f_{2}(\overline{X}),$ $\ldots$ , fi $(\overline{X})\rangle$
.
$\{\begin{array}{l}f_{1}(X_{1},X_{2}, \ldots,X_{n})=0:f_{t}(X_{1},X_{2}, \ldots,X_{n})=0\end{array}$ ... (1)
.
, $h(\overline{X})$ $I$ $h(\overline{X})\in I$
, $(fi(\overline{X}), f_{2}(\overline{X}), \ldots, fi(X))$ $\langle fi(\overline{X}),$ $f_{2}(X),$ $\ldots$ , fi (X), $h(\overline{X}))$ .
. $h(\overline{X})$ (normal form)
, $I$ $G$ $h(\overline{X})arrow c^{0}r$ .
$h(\overline{X})$ (1) $0$ .
, .
, . , (1) 3 $X_{1},X_{2},$ $X_{3}$
. , $\langle fi(\overline{X}),$ $f_{2}(\overline{X}),$ $\ldots$ , fi $(\overline{X})\rangle\cap B(X_{1},X_{2}, X_{S})$ $\check$-
, $I$ . , 3
$X_{1},$ $X_{2},$ $X_{3}$ $h(X_{1},X_{2}, X_{3})$ (1) $0$ , $I$
, .
( ) $X_{n}>$ ... $>X_{4}>X_{3}>X_{2}>X_{1}$




$I$ $\lambda$ $\overline{X}$ $B(\lambda,\overline{X})$ $G$ $T(X)$
$(B(B)(\vec{X}))$ $I$ . , $G\cap B(B)$ $B(A)$





$B(A_{1}, \ldots, A_{m})$ $B^{2^{m}}$ . $B(A_{1}, \ldots, A_{m})$ $B^{2^{m}}$ $\phi$ $i=$
$1,$
$\ldots,$








$input:B(A,\overline{x})$ $F$ , $\overline{A}_{1}T(\overline{A})$ $>$
output $>$ $\langle F\rangle\cap B(B)$ $G$
$F’arrow\{\phi(f)|f\in F\}$
$iarrow 1$
while $i\leq 2^{m}$ do
$>$ $F_{1}’=\{f_{1}\in B(\lambda)|f\in F’\}$ .
$G_{i}$
















fs $(\overline{X})=X_{2}+X_{4}X_{7}+\{c, f\}X_{12}X_{17}X_{21}+X_{2}X_{3}X_{12}+X_{6}X_{7}+X_{12}+X_{4}X_{25}+X_{1}X_{11}$ ,
$f_{9}(\vec{X})=Xs+X_{S}X_{4}+\{k,m\}X_{1}Xs+X_{5}X_{6}+\{h,i\}X_{7}X_{24}$ ,










$B(X_{1},X_{2}, X_{3})$ B8 $\phi$ $\phi(f(X_{1},X_{2},X_{3})=(f(0,0,0),$ $f(0,0,1),$ $f(O, 1,0),$ $f(0,1,1)$ ,
$f(1,0,0),$ $f(1,0,1),$ $f(1,1,0),$ $f(1,1,1))$ . $F_{:}’$ .
$F_{1}’=\{fi(0,0,0,X_{4}, \ldots,X_{\theta 0}), \ldots, fi_{8}(0,0,0,X_{4}, \ldots,X_{30})\}$
$F_{2}’=\{fi(0,0,1,X_{4}, \ldots,X_{\theta 0}), \ldots,fi_{8}(0,0,1,X_{4}, \ldots,X_{30})\}$
$F_{8}’=\{f_{1} (1, 1, 1, X_{4}, ...,X_{30}), \ldots, f_{18}(1,1,1,X_{4}, \ldots,X_{30})\}$
$F_{i}’$ ,
$b_{1}=0,b_{2}=\{i\},b_{3}=\{k, q\},b_{4}=0,b_{6}=0,b_{6}=0,b_{7}=0,b_{8}=0$
$\phi^{-1}((0, \{i\}, \{k, q\},0,0,0,0))=\{i\}(X_{1}+1)(X_{2}+1)X_{3}+\{k,q\}(X_{1}+1)X_{2}(X_{3}+1)$
,
$G=\{\{i, k,q\}X_{1}X_{2}X_{3}+\{i,k, q\}X_{2}X_{3}+\{i\}X_{1}X_{3}+\{i\}X_{3}+\{k, q\}X_{1}X_{2}+\{k,q\}X_{2}\}$
, RISA$/ASIR$ . 1. $6GHZ$ Intel Core Duo CPU
$2560MB$ SDRAM PC 160 . $X_{1},X_{2},X_{3}$ .
2 . ,
2 .
$T(\overline{X})$ , $\ovalbox{\tt\small REJECT}$
. , $b_{i}$ $G_{i}\cap B(X_{4},X_{6})$ ( ) $X_{n}>$ ... $>X_{6}>X_{6}>\lambda_{4}’$
, $\langle F\rangle\cap B(X_{1}, \ldots, X_{6})$ . .
$G=\{\{s,b,i, k,c,e, f,t,m,l\}X_{3}X_{4}X\epsilon+\{i\}X_{4}Xs+\{s,b, k,c,e, f,t,m,l\}X_{3}X_{6}$
$+\{s,b,i,k,c,e, f,t,m,l\}X_{3}X_{4}+\{i\}X_{4}+\{s, b,i, k,c,e, f,t,m,l\}$,
$\{0\}X_{6}X_{4}+\{0\}X_{3}X_{6}+\{0\}X_{4}+\{0\}X_{3}$ ,




. $0,1$ , $B$ .
, $X_{1},X_{2},X_{3}$ $\{a,b,c, \ldots, s,t\}$ .
, $(2^{21})^{3}=2^{63}$ , $0,1$ 8 .
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